Abstract. A characteristic function, without idempotent factors, on a separable compact group is decomposed, modulo characters, as a product of indecomposable characteristic functions and an infinitely divisible characteristic function.
A continuous normalized positive definite function on a topological group G will be called a characteristic function. Denote by | <p |2 the characteristic function defined by | <#> \2(g) = | <j>(g) \2 for all g in G. The characteristic function identically 1 will be called degenerate. A continuous homomorphism of G to C*, the group of complex numbers modulo 1, will be called a character. We are concerned with the factorisation of a characteristic function as a product of characteristic functions where we write <p = <£,<i>2 if <>(g) = <t>x(g)<b2(g) for all g in 6. A characteristic function <p is called indecomposable if it cannot be expressed as a product of two other characteristic functions, idempotent if <j> = d<2 and infinitely divisible if for each n G N one may write </> = IIf=1 <i>;"' for some characteristic function <jf"\ each f^(") = 0("\ Denote the set of factors of d> by F^, the set of indecomposable factors of <#> by IFç and the subgroup of G generated by {g: <j>(g) =£ 0} by G^. Denote left Haar measure on a separable locally compact group by dg.
For the purposes of factorisation we shall consider two characteristic functions <b, and d»2 to be equivalent if <bx = (p2x where x is a character. When G is commutative a characteristic function is the Fourier transform of a probability measure on the dual group G and equivalent characteristic functions are the Fourier transforms of shift-equivalent measures on G [4] .
A. I. Khinchin [2] showed that the characteristic function of a probability distribution on R can be represented as <b24>3 where <p2 is a denumerable product of indecomposable factors, <i>3 has no indecomposable factors and is necessarily infinitely divisible. K. R. Parthasarathy, R. Ranga Rao and S. R. S. Varadhan [3] extended this-result to a characteristic function on an arbitrary separable locally compact commutative group decomposing it as <bx4>2<¡>3 where <bx is idempotent, (¡>2 and <b3 as above. When the group has no compact subgroups there is no proper idempotent factor.
The factorisation can be translated to the positive-definite matrices [a,-■] = [<f>(g,g~')] for sequences (g¡) in G. The product of characteristic functions corresponds to coefficientwise multiplication of the matrices, and matrices [ajJ] and [/Î,.
•] correspond to equivalent characteristic functions if and only if a,y = ßuCfi. for c" Cj G C*.
In §1 we consider the cancellation of idempotent factors from a characteristic function on a topological group and find conditions determining whether a characteristic function has idempotent factors or not. In §2 we prove Khinchin's factorisation theorem for a characteristic function, without idempotent factors, on a separable compact group. We have not been able to prove Khinchin's theorem for characteristic functions with idempotent factors, neither have we been able to construct a counterexample. In §3 we show why, in the commutative case, any characteristic function can be factorised as above. 2. Characteristic functions, without idempotent factors, on a separable compact group. Lemma 1. Let G be a separable compact group and (<pn) a sequence of characteristic functions such that fG \ <p"(g) |2 dg -» 1 as n -» 00. Then there exists a sequence (x") of characters such that <¡>"x" converges uniformly to the degenerate characteristic function as n -» oo.
Proof. The proof is contained explicitly in the proof of [5, Lemma 4.1] . For a characteristic function <p, without idempotent factors, on a compact group we define the Khinchin functional A^ on F^, which measures 'departure' from the degenerate characteristic functional, by N^(\¡/) = -/clog | ^(g) | dg. It is well defined and convergent since G is generated by a sequence of elements (g,) such that <f>(g;) =£ 0 for all i, and since G is compact, N^ is bounded. Lemma 2. Let </> be a characteristic function without idempotent factors on a separable compact group G and let (\¡/¡) be a sequence of factors of <b such that for all n G N the product II "=I i^, is also a factor o/d>. Then there exist characters x, such that n,"=i $iXi converges to a characteristic function as n -» oo.
Proof. 2N^,) < N^) so 2«fcA^(^.) and tytfl?!**,-) converge to zero as k -» oo. By Lemma 1 there exist (xk) such that (Xk-\^T=k'Pi) converges to the degenerate characteristic function as k -» oo. Thus, absorbing each x*-i in the preceding finite product, II"=1 i^x, converges to a characteristic function as n -> oo. Proof. Suppose <f> has zeros but no indecomposable factors. By Proposition 6 it is infinitely divisible so by Proposition 2 it cannot have zeros.
Theorem. Let G be a separable compact group and <b a characteristic function on G with no idempotent factors. Then <p can be decomposed, modulo a character, as a product of indecomposable characteristic functions and an infinitely divisible characteristic function.
Proof. The theorem follows from Propositions 5 and 6. Proof. Denote the annihilator of G^ in G by AT and identify G^ = G/K with a Borel section B of G. As an element of B is also an element of G, a character of Gû niquely determines a character of G. Let (¡> be a characteristic function on a locally compact separable commutative group G. By Proposition 1, <b can be factorised as Xc^o-Propositions 5 and 6 hold for 4>0 on Gj, [3] . By Lemma 6 the characters of G^ occurring in the factorisation extend to characters of G. Thus <b can be factorised as <i>i^>2^>3 as stated in the introduction.
